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A.1.1 Dérivées de fonctions
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A.1.1 Dérivées de fonctions

Binôme de Newton :

pa` bq
n
“

n
ÿ

k“0

n!

pn´ kq! k!
an´ kbk “ an`nan´ 1b`

n
ÿ

k“2

n!

pn´ kq! k!
an´ kbk

1 f pxq “ xn où x P R

df pxq

dx
“ lim

∆xÑ0

f px`∆xq ´ f pxq

∆x
“ lim

∆xÑ0

px`∆xq
n
´ xn

∆x

“ lim
∆xÑ0

HHxn ` nxn´ 1∆x`
��

���
���

���
�n

ÿ

k“2

n!

pn´ kq! k!
xn´ k∆xk ´HHxn

∆x

“ nxn´ 1

d pxnq

dx
“ nxn´ 1 pA.1.1q
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A.1.1 Dérivées de fonctions

Formule de trigonométrie :

sin pa` bq “ sin paq cos pbq ` cos paq sin pbq

2 f pxq “ sin pxq où x P R

df pxq

dx
“ lim

∆xÑ0

f px`∆xq ´ f pxq

∆x
“ lim

∆xÑ0

sin px`∆xq ´ sin pxq

∆x

“ lim
∆xÑ0

sin pxq cos p∆xq ` cos pxq sin p∆xq ´ sin pxq

∆x

“

ˆ

lim
∆xÑ0

cos p∆xq ´ 1

∆x

˙

loooooooooooooomoooooooooooooon

“ 0

sin pxq `

ˆ

lim
∆xÑ0

sin p∆xq

∆x

˙

loooooooooomoooooooooon

“ 1

cos pxq

“ cos pxq

d sin pxq

dx
“ cos pxq pA.1.2q
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A.1.1 Dérivées de fonctions

Formule de trigonométrie :

cos pa` bq “ cos paq cos pbq ´ sin paq sin pbq

3 f pxq “ cos pxq où x P R

df pxq

dx
“ lim

∆xÑ0

f px`∆xq ´ f pxq

∆x
“ lim

∆xÑ0

cos px`∆xq ´ cos pxq

∆x

“ lim
∆xÑ0

cos pxq cos p∆xq ´ sin pxq sin p∆xq ´ cos pxq

∆x

“

ˆ

lim
∆xÑ0

cos p∆xq ´ 1

∆x

˙

loooooooooooooomoooooooooooooon

“ 0

cos pxq ´

ˆ

lim
∆xÑ0

sin p∆xq

∆x

˙

loooooooooomoooooooooon

“ 1

sin pxq

“ ´ sin pxq

d cos pxq

dx
“ ´ sin pxq pA.1.3q
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A.1.1 Dérivées de fonctions

Identité exponentielle :

exp pa` bq “ exp paq exp pbq

4 f pxq “ exp pxq où x P R

df pxq

dx
“ lim

∆xÑ0

f px`∆xq ´ f pxq

∆x
“ lim

∆xÑ0

exp px`∆xq ´ exp pxq

∆x

“ lim
∆xÑ0

exp pxq exp p∆xq ´ exp pxq

∆x

“

ˆ

lim
∆xÑ0

exp p∆xq ´ 1

∆x

˙

loooooooooooooomoooooooooooooon

“ 1

exp pxq “ exp pxq

d exp pxq

dx
“ exp pxq pA.1.4q

Dr. Sylvain Bréchet A.1 Etudier la mécanique 7 / 19



A.1.1 Dérivées de fonctions

Identité logarithmique :

ln
´a

b

¯

“ ln paq ´ ln pbq

5 f pxq “ ln pxq où x P R˚`

df pxq

dx
“ lim

∆xÑ0

f px`∆xq ´ f pxq

∆x
“ lim

∆xÑ0

ln px`∆xq ´ ln pxq

∆x

“ lim
∆xÑ0

1

∆x
ln

ˆ

x`∆x

x

˙

“

ˆ

lim
∆x{xÑ0

x

∆x
ln

ˆ

1`
∆x

x

˙˙

loooooooooooooooooomoooooooooooooooooon

“ 1

1

x
“

1

x

d ln pxq

dx
“

1

x
pA.1.5q
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A.1.2 Dérivées de compositions de fonctions

1 g pxq “ exp pf pxqq où x P R et f : R Ñ R de classe C1

dg pxq

dx
“
d exp pf pxqq

dx
“
d exp pf pxqq

df pxq

df pxq

dx

“

ˆ

lim
∆fpxqÑ0

exp pf pxq `∆f pxqq ´ exp pf pxqq

∆f pxq

˙

df pxq

dx

“

ˆ

lim
∆fpxqÑ0

exp p∆f pxqq ´ 1

∆f pxq

˙

loooooooooooooooooomoooooooooooooooooon

“ 1

exp pf pxqq
df pxq

dx

“
df pxq

dx
exp pf pxqq

d exp pf pxqq

dx
“
df pxq

dx
exp pf pxqq pA.1.6q
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A.1.2 Dérivées de compositions de fonctions

2 g pxq “ ln pf pxqq où x P R et f : R Ñ R˚` de classe C1

dg pxq

dx
“
d ln pf pxqq

dx
“
d ln pf pxqq

df pxq

df pxq

dx

“

ˆ

lim
∆fpxqÑ0

ln pf pxq `∆f pxqq ´ ln pf pxqq

∆f pxq

˙

df pxq

dx

“

ˆ

lim
∆fpxqÑ0

1

∆f pxq
ln

ˆ

f pxq `∆f pxq

f pxq

˙˙

df pxq

dx

“

ˆ

lim
∆fpxq{fpxqÑ0

f pxq

∆f pxq
ln

ˆ

1`
∆f pxq

f pxq

˙˙

looooooooooooooooooooooooooomooooooooooooooooooooooooooon

“ 1

df pxq

dx

1

f pxq

“
df pxq

dx

1

f pxq

d ln pf pxqq

dx
“
df pxq

dx

1

f pxq
pA.1.7q
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A.1.2 Dérivées de compositions de fonctions

d ln pf pxqq

dx
“
df pxq

dx

1

f pxq
pA.1.7q

Intégration de l’équation pA.1.7q sur x P ra, bs:

ż b

a

ˆ

d ln pf pxqq

dx

˙

dx “

ż fpbq

fpaq

df 1 pxq

f 1 pxq

où

ż b

a

ˆ

d ln pf pxqq

dx

˙

dx “ ln pf pxqq

ˇ

ˇ

ˇ

ˇ

x“b

x“a

“ ln pf pbqq´ ln pf paqq “ ln

ˆ

f pbq

f paq

˙

ainsi

ż fpbq

fpaq

df 1 pxq

f 1 pxq
“ ln

ˆ

f pbq

f paq

˙

pA.1.8q
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A.1.1 Dérivées de fonctions
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A.1.3 Développements limités de fonctions

On considère un pendule de longueur ` “ cste suspendu à l’origine O
d’un système d’axes cartésiens Oxy.

1 Coordonnée de position (abscisse):

x pφq “ ` sinφ

Développement limité de x pφq au
1 er ordre en φ autour de φ “ 0
(i.e. φ ! 1) :

x pφq » x p0q `
dx

dφ
p0qφ

“ ` sin p0q
loomoon

“ 0

` ` cos p0q
loomoon

“ 1

φ “ ` φ

x pφq » ` φ si φ ! 1 pA.1.9q

x(f)

y(f)

O
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A.1.3 Développements limités de fonctions

2 Coordonnée de position (ordonnée):

y pφq “ ` cosφ

Développement limité de y pφq au
1 er ordre en φ autour de φ “ 0
(i.e. φ ! 1) :

y pφq » y p0q `
dy

dφ
p0qφ

“ ` cos p0q
loomoon

“ 1

´ ` sin p0q
loomoon

“ 0

φ “ `

y pφq » ` si φ ! 1 pA.1.10q

x(f)

y(f)

O
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A.1.4 Règle de calcul du produit vectoriel

Repère cartésien : px̂, ŷ, ẑq

1 Règle de la main droite :

indexˆmajeur “ pouce pA.1.11q

x̂ˆ ŷ “ ` ẑ et ŷ ˆ x̂ “ ´ ẑ
ŷ ˆ ẑ “ ` x̂ et ẑ ˆ ŷ “ ´ x̂
ẑ ˆ x̂ “ ` ŷ et x̂ˆ ẑ “ ´ ŷ

2 Règle du logo “Mercedes” :

1

œ

ñ `

2

ö

ñ ´

O

x̂

^

ŷ

z

ẑ ŷ

x̂
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A.1.1 Dérivées de fonctions
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A.1.5 Dérivée temporelle d’un produit de fonctions du temps

Dérivée temporelle du produit f ˚ g :

1 f ” f ptq et g ” g ptq : fonctions scalaires ou vectorielles du temps.

2 (˚) : produit algébrique, scalaire (¨) ou vectoriel (ˆ).

Variation du produit f ˚ g entre t et t`∆t :

∆ pf ˚ gq “ f pt`∆tq ˚ g pt`∆tq ´ f ptq ˚ g ptq

“ f pt`∆tq ˚ g pt`∆tq ´ f ptq ˚ g pt`∆tq

` f ptq ˚ g pt`∆tq ´ f ptq ˚ g ptq p1.31q

“ ∆ f ˚ g pt`∆tq ` f ptq ˚∆g

Dérivée temporelle du produit f ˚ g :

d

dt
pf ˚ gq “ lim

∆tÑ0

∆ pf ˚ gq

∆t
“ lim

∆tÑ0

∆f

∆t
˚ g pt`∆tq
loooomoooon

Ñgptq

` lim
∆tÑ0

f ptq ˚
∆g

∆t

d

dt
pf ˚ gq “

df

dt
˚ g ` f ˚

dg

dt
p1.32q
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